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The amplitude of vibrations of a rotating system operating near or at its critical speed 
grows without bound. This poses a serious problem for the rotating machinery industry 
from the perspective of design, maintenance, vibration troubleshooting and stability of 
the rotating equipments. 
In this thesis, we wish to develop an exact method of analysis for the system of a mass-
less symmetrical shaft rotating in symmetrical bearings (SSSB) with finite displacement 
at bearing end. The method so developed is expected to be extended to the SSSB model 
of a shaft having mass. The stability analysis is performed for both the systems. The 
parametric study of the effect of mass, damping and stiffness characteristics of the shaft-
bearing system on the stability of the system is also carried out. This thesis closely 
examines the works carried out by D. M. Smith (1933) for the SSSB case and the 
destabilizing, counter-intuitive phenomenon of internal damping of rotating shaft 
mentioned by Crandall. 
As a starting point, we analyze the undamped SSSB system with no displacement at 
bearing end, i.e., the system rotates in clamped roller bearings. This system serves as an 
introductory model for the mass-less SSSB system and for shaft with mass SSSB system. 
The basic theory to derive the equations of motion for this system is based on the 
development of equations of relative position, velocity and acceleration. The powerful 
concept of the transformation of coordinates from rotational coordinate system to 
stationary coordinate system (or vice versa) is also showcased. 
The thesis starts with an introduction to the concept of stability for systems. The concept 
of stability culminates in the determination of the stability boundary of the system which 
is based on the nature of poles of the system. The conclusions and future work are 















Rotordynamics is the study of forces acting on a rotating member and its behavior under 
their influence. The theory of Dynamics acts as a tool in understanding the physics of a 
rotating system and the theory of Vibration serves as a powerful instrument to 
mathematically quantify the behavior of a rotor. In the simplest terms, a rotor is a shaft 
rotating in bearings with a mass mounted on it. One of the most common functions of 
such a system is to generate power. Electric motors, turbines, compressors, pumps and 
computer disk storage are some examples of rotating systems. 
A good understanding of the behavior of the rotor is critical to a rotordynamicist who is 
responsible for the proper functioning, diagnosis and preventive actions taken for the 
rotating equipments in the industry. The study of gyroscopic systems presents an 
opportunity of application of the principles of mechanical engineering to rotating 
systems. A rotating system is fundamentally different from a non-rotating system because 
of the presence of the Coriolis Effect. As laid out further in the text, the Coriolis 
component plays a key role in the determination of stability boundary of a rotating 
system. The counter-intuitive phenomenon of destabilizing nature of internal damping of 
the shaft also invigorates curiosity.  
The concept of critical speed of a rotating system bears equivalence to resonance in a 
non-rotating system. Critical speed occurs when the rotational speed of the shaft 
coincides with its natural frequency. The shapes of the vibrating rotor obtained at critical 
speeds are referred as its mode shapes.  
1.1 Literature Review 
Rankine (1869) was the first one to analyze a shaft rotating in bearings. However, he did 
not take Coriolis acceleration into account. Dunkerley is credited with the coinage of the 
term ‘Critical Speed’ in 1895. Föppl (1895), a German civil engineer, successfully 
analyzed the undamped model of a circular shaft with a centrally located single disk. He 
showed that stable operation was possible above the rotating speed mentioned by 
Rankine. Unfortunately, he published his research in the journal Der Civilingenieur 
which was read very little by the rotordynamics community of his time. 
Kerr (1916) showed experimental evidence of the existence of a second critical speed. 
Jeffcott was appointed by the Royal Society of London in 1919 to bring forward the 
fallacy between Rankine’s theory and Kerr’s work.  He analyzed a model similar to 
Föppl’s. He also included damping in his model. His analysis was published in a widely 
read English journal. His results of the existence of supercritical operation verified the 
works of Föppl, Kerr and the Swedish engineer, Laval who operated a single stage 
impulse turbine super critically at 42,000 rpm in 1883. A single disk rotor is now widely 
called as a Jeffcott rotor in order of appreciation of the work performed by him. 
D. M. Smith performed a ground breaking work in his paper titled as, ‘The motion of a 
rotor carried by a flexible shaft in flexible bearings’ which was published in the Royal 
Society of London, Series A in 1933. He called the shaft and bearings as symmetric when 
it had uniform elastic and damping characteristics in all transverse directions. Amongst 
his other conclusions, he approximated that a symmetrical mass-less shaft with a rotor 
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disk mounted on it and rotating in symmetrical bearings in presence of rotary damping, 
results in a determinant equation of degree four, which is obtained from the equation of 
motion of the shaft. He further added that when both rotary and stationary damping are 
present, the system never regains stability after crossing a certain transition speed which 
is higher than the critical speed of the system. 
It is well known that an increase in damping in a non-rotating system will produce 
stabilizing effects. However, this does not always hold true for a rotating system. 
Crandall (1980) mentioned the destabilizing, counter-intuitive phenomenon of internal 
damping of shaft in his work, ‘Physical explanations of the destabilizing effect of 
damping in rotating parts’. Internal damping of a shaft can be experienced by performing 
bending or fatigue loading on a metal wire which heats it up. Before Crandall, it was A.L. 
Kimball, Jr. (1925) who related damping forces in a bent shaft to its whirling motion for 
supercritical operation.  
The author recommends referring to the works of Nelson (2007) and Swanson et al. 
(2005) to gain basic understanding of rotordynamics. Malcolm Leader’s work mentioned 
in the ‘References’ gives a practical insight into rotordynamics. A timeline on 
rotordynamics is available in the short term course document of Tiwari (2008). 
1.2 Motivation 
The motivation of this thesis is to develop a model similar to Smith’s model of a 
symmetrical shaft rotating in symmetrical bearings and perform an exact analytical 
treatment of the model. Smith made certain approximations in his work and reached a 
fourth order determinant equation for a mass-less shaft. The author is interested in 
verifying the accuracy of Smith’s approximations by performing an exact analysis. The 
model is expected to be extended to include the mass of the shaft and the stability 
analysis will be performed. The author finds the foundation of the thesis by deriving the 
equations of motion for a shaft rotating in clamped bearings and compares it to the 
equations presented in the book, ‘Principles of Structural Stability’ by Hans Ziegler 
(1968). 
The objective of this thesis is to study the rotordynamic aspects of rotors and develop an 
understanding of critical speed, stability boundary and the effects of mass, damping and 
stiffness of the shaft and the bearings on the critical speed values of rotor by performing 
parametric investigation. 
1.3 The Concept of Stability and Root Locus Technique 
The stability analysis of a system is critically important as such to avoid large vibrations 
in the system at the stability boundary. Stability boundary occurs when at least a pair of 
poles of the system becomes purely imaginary. 
The introductory example helpful in understanding the concept of stability is shown in 
Figure 1.1. The ball rolls down the curve under the action of gravity and subsequently 
settles down to a point of equilibrium in Figure 1.1(a). This point is called the point of 
stable equilibrium because if the ball is disturbed again, it will always roll down to the 











(a)    (b)    (c) 
Figure 1.1: Stable, unstable and neutral equilibriums 
 
Contrastingly in Figure 1.1(b), the ball is resting at a point on the crest of the curve. Even 
a slight disturbance initiates motion and the ball rolls down the curve, moreover it never 
returns to the same point again. This is called a condition of unstable equilibrium. 
However, a ball lying on a flat surface in Figure 1.1(c) is said to be in neutral 
equilibrium. The ball always comes to rest at a new position whenever it is disturbed. 
There exist infinite points of equilibrium on the flat surface. 
Building on this visual and intuitive example, we examine a single degree of freedom 


















(a)                                    (b) 
Figure 1.2: (a) Single degree of freedom spring mass system 
         (b) Free body diagram of mass  in Figure 1.2 (a) m
 
The equation of motion derived from the free body diagram in Figure 1.2(b) is, 
         (1.1)     0 tkxtxm 
where  is the mass of the system,  is the stiffness of the linear spring, m k x  is the 
position coordinate referenced at the equilibrium position of the block and t  represents 
time.  
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The periodic motion of the system shown in Figure 1.2(a) can be trapped as a solution of 
the form, 
      tAtx nsin         (1.2) 
where the constants A  and   are called as amplitude and phase shift respectively. n  is 
the natural frequency of motion such that 
m
k
n  .         (1.3) 
The characteristic equation, which corresponds to the non-trivial solutions of the system, 
is obtained by substituting  in (1.1). This leads to  tAetx )(
 02 
m
k .         (1.4) 
It is evident from the above equation that the root   of the characteristic equation is 
purely imaginary as long as k  and  are positive and therefore m   lies across the 
quadrature axis of the complex plane. It can be seen from (1.2) that the solution is 
bounded by the constant . Thus, the system is said to be marginally stable. More 
specifically, the system is at the stability boundary when the roots of its characteristic 
equation become purely imaginary. 
A
However, if  is negative, the solution becomes unbounded as t  increases and the 
system becomes unstable which is governed by 
k
      tBtAtx nn  coshsinh  .      (1.5) 

















Figure 1.3: (a) Single degree of freedom spring mass damper system 
   (b) Free body diagram of mass  in Figure 1.3 (a) m
 
The equation of motion of a single degree of freedom spring-mass-damper system shown 





        (1.6)       0 tkxtxctxm 
where c  is the damping coefficient of the system. 





c  .        (1.7) 
A system governed by (1.6) is said to be stable if the roots of the characteristic equation 
(1.7) are purely imaginary or in other words, the roots lie along the imaginary axis of the 
complex plane. The system will be unstable if the real part of the roots is positive, or to 
say that the roots lie in the right half side of the complex plane. When the roots have their 
real parts as negative, it makes the system asymptotically stable. The path of the roots 
traced on a complex plane is called ‘Root Locus’. Root locus serves as an important tool 
in determination of the stability boundary of the system when the roots of the 






















Equations of Relative Position, Velocity, and Acceleration 
In this section, the basic theory for chapter 3 is developed which will be used to derive 
the equations of motion of a shaft rotating in clamped roller bearings.  
Let xyz  represent a stationary coordinate system in Figure 2.1. The rotating coordinate 
system   rotates with an angular velocity  with respect to the ω xyz  stationary 
coordinate system. The origins of xyz  and   coordinate systems are at points O  and 



















Figure 2.1: Stationary and rotating coordinate system 
 
The vectors  and  are the position vectors of points  and pointAr Br A B  originating from 
origin , respectively. The position of pointO B  with respect to origin  isA ABr . 
By the triangle law of vector addition, we have 
 ABAB rrr  .         (2.1) 



















       (2.2) 
where p  represents any vector and  represents time. t













vv         (2.3) 
where  and  are the velocities of Bv Av B  and A  in the xyz  coordinate system 
respectively. 
Applying (2.2) to (2.3), we have 
 ABABAB rωvvv         (2.4) 
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where ABv  is the velocity of B  with respect to  in theA   coordinate system. 
Similarly, differentiation of (2.4) with respect to time t  in the xyz  coordinate system 
leads to 
   ABABABABAB rωvωrωωaaa  2     (2.5) 
where  and  are the accelerations of Ba Aa B  and  in the A xyz  coordinate system, 
respectively. The acceleration of B  with respect to  in theA   coordinate system 
is ABa . The rate of change of angular velocity  of theω   coordinate system with 
respect to time is . ω
By definition, the vectors , ,Ar Br ABr  and  are written in matrix form as ω




































































It follows that 






























































































































.     (2.8) 





































ABrω .      (2.9) 






































ABrωω ,  (2.10) 





















































































 rω .      (2.12) 
 
2.1 Transformation of Coordinates 
Let  and Ox A  in Figure 2.1 be coincident such that origin  of theO xyz  stationary 
coordinate system coincides with origin A  of the   rotating coordinate system. Thus, 
the plane perpendicular to O and x  A onsists ofOy c ,Oz , A  and A ith origin at  w A  














Figure 2.2: Transformation of coordinates 
 
The stationary coordinate system transforms to rotating coordinate system by an 
angle t  . This transformation of coordinates is governed by the following equations: 
  sincos y         (2.13) 
and 
 cossin z .        (2.14) 
The set of equations (2.13) and (2.14) can be arranged as 




























The inverse of the matrix with trigonometric elements in (2.15) leads to 






























Differentiating equation (2.16) with respect to time gives 
























































The set of equations (2.16) and (2.17) will be used in chapter 4 to transform the equation 
of motion of a symmetrical shaft which rotates in symmetrical bearings with a finite 






























Modeling of a Rotating Shaft with No Displacement at Bearing End 
The system shown in Figure 3.1(a) consists of a rotor mounted on a shaft that is rotating 
with constant angular velocity   in clamped roller bearings. The stationary coordinate 
system xyz  and the rotating coordinate system   originate at the common origin A . 
The mass of the system is taken to be the mass of the rotor. The stiffness of the shaft 
represents the stiffness of the system. The shaft has a stiffness coefficient  in the k   
direction and a stiffness coefficient  in the k   direction. The bearings are clamped 































Figure 3.1: (a) System of shaft rotating in clamped roller bearing                 
   (b) Free body diagram of rotor B  
 
The origin  of theA xyz  and   coordinate systems represents the centre of the cross 
section of the shaft in the clamped roller bearings as shown in Figure 3.1(a). The effect of 
gravity on the system is neglected in this model. The point B  locates the center of mass 
of the rotor, which is deflected from its equilibrium position when the shaft is rotating at 
constant angular velocity . The equilibrium position of the rotor coincides with point A  
in Figure 3.1(b). The rotating coordinate system   sweeps an angle t   from the 
stationary coordinate system xyz . 
The coordinate systems defined in chapter 2 are employed in this model. The points  
and  in Figure 2.1 converge to a single point in Figure 2.2, reducing equation (2.6) to 
O
A




















































































































































































































































22 ABvω      (3.4) 










































ABrω .      (3.5) 
The results of (3.2), (3.3), (3.4) and (3.5) when assembled into (2.5) give 



















































































































Newton’s second law of motion for mass B  
 BaMF           (3.7) 
can be written in the matrix form using Figure 3.2(b) and (3.6) 








































where M  is the mass of the rotor B . 




















      (3.9) 
which appears as (1.56) on page 17 of the book, ‘Principles of Structural Stability’ 
published in 1968 with Hans Ziegler as its author. This validates our method of 
derivation of equations of motion as the modeling of this model is similar to the one used 
by Zeigler but the method of derivation of equations of motion is different, 
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The equation (3.9) is a very important equation as it involves the Coriolis 
term    MM 2,2 . It is well known that if the coefficients of acceleration, velocity 
and position of a damped system are all positive then the system is asymptotically stable. 
It is the presence of the Coriolis term which makes it a requirement for a rotating system 
to be analyzed for stability considerations. The Coriolis term in (3.9) is responsible for 
the origin of gyroscopic effects in the system.  
The model presented in this chapter is the simplest and it serves as a window to 
understand the more complex models mentioned in chapter 4 and chapter 5. 
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Chapter 4 
Modeling of a Mass-less Rotating Shaft with Finite Displacement at 
Bearing End 
4.1 Symmetrical Shaft and Symmetrical Bearings (SSSB) 
A shaft or a bearing is called symmetrical when it has the same damping and stiffness 
coefficients in all perpendicular directions. For example, a shaft with a key-way or an 
oval shaft is not considered as symmetrical. 
4.1.1 Modeling of SSSB System 
The mass-less shaft in Figure 4.1(a) has a finite displacement at the bearing end resulting 
in  AAA   to be different from the origin O  as shown in Figure 4.1(b). Point B  is the 
center of mass of the rotor deflected from its equilibrium position. The shaft rotates with 
an angular velocity   such that t  .  
The stiffness and damping coefficients of the symmetric bearings are defined as k   and 
   respectively. The symbols k   and    are used to denote the stiffness and damping 














































 Ak  
 Ak  
 A  

















 Ak  
 A  
 A    Ak  
 
Figure 4.1: (a) System of mass-less shaft rotating in bearing with finite displacement at 
the bearing end (b) Planar coordinate system of shaft motion (c) Free body diagram of 
mass-less shaft (moments not shown) (d) Free body diagram of rotor AB B  of mass M . 
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4.1.2 Equations of Motion for SSSB System 
Let a force  act on rotor Mf B  in the zy   coordinate system. The free body diagram of 
the rotor in Figure 4.1(d) results in 

























































Using (2.16) and (2.17) into (4.1), the transformation of coordinates yields 







































































where   are the coordinates of zy B  in the stationary coordinate system. 


























































































The above equation can be rearranged as 

































































































































































































































































     (4.5) 











































































































































It is important to note that (4.1) is expressed in rotating coordinates and (4.6) presents 
itself in stationary coordinates. To be able to write a meaningful combined equation of 
motion for the shaft-rotor system, it is imperative to write (4.1) in stationary coordinates. 
This is achieved by making use of (2.16) and (2.17) which governs the transformation of 
coordinates.  
The equation of motion for the shaft-rotor system is obtained by combining equations 





























































































































































































           (4.7) 
The above equation takes the form  
   0xGKxCxM          (4.8) 
where , , M C K  and G  represents mass, damping, stiffness and gyroscopic matrices, 
respectively  and  is the position vector. x
4.1.3 Mathematical and Analytical Treatment 
The characteristic equation obtained by substituting a solution of the form  in 
(4.8) leads to 
steXx 
  02  GKCM ss        (4.9) 
where s are called the poles of the shaft-rotor system and  represents a non-zero 
column vector. This approach is similar to the explanation for obtaining (1.4) and (1.7) in 
section 1.3 of chapter 1. (4.9) is basically representing the determinant of a quadratic 
eigen-value problem. It is evident from (4.9) and (4.7) that the proposed model has a 
characteristic equation of order six because all elements in the first two rows of the mass 
matrix are zero. 
X
The characteristic equation (4.9) can be denoted as 











 22220   ,       (4.11) 
      2221 2 ,     (4.12) 
      22222222 42   M , 
          (4.13) 
         222 2223 M  , 
          (4.14) 
    











,   (4.15) 
       MM25 , and     (4.16) 
 226   M          (4.17) 
are obtained as shown in Appendix C. 
The characteristic polynomial corresponding to equations (5) and (6) in D. M. Smith’s 
work; titled as ‘The motion of a rotor carried by a flexible shaft in flexible bearings’, 
which was published in the Royal Society of London, Series A in 1933; is 



































































, and    `  (4.22) 
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          (4.23) 24ˆ M
are obtained as shown in Appendix C. 
4.1.4 Root Locus 
A comparison between the poles of (4.10) and that of Smith’s from (4.18) is performed 
using the root locus technique. The coefficients mentioned above are used to generate the 
Matlab code which obtains the root locus. The code is presented in APPENDIX A. 
Smith’s poles in Figure 4.2 show good agreement with the poles of (4.10) when   is 
small as compared to   and   is not too large. However in Figure 4.3, when   is 
increased and   is still kept small in comparison to , Smith’s poles start to loose 

















































100 Root Locus for 
Our poles
Smith’s poles
Figure 4.2: Comparison of root locus of Smith’s and our poles at lower angular speeds 
 
It is worth mentioning that the system represented in Figure 4.2 reaches the stability 
boundary for 100    when the poles of the system become purely imaginary for the 
first time. A system is stable when all of its poles are in the left half of the complex plane, 
poles lying on the imaginary axis represent the stability boundary and poles in the right 
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half of the complex plane make the system unstable. The nature of poles determines the 
stability of a system because the poles appear in the exponent of the exponential function 
term of the suggested solutions; see (1.4), (1.7) and (4.9). The poles are related to the 
boundedness of solution. 
The deviation in the root loci can be attributed to the number of poles that appear in 
(4.10) and (4.18). The model developed in this thesis is an exact model which results in a 
characteristic polynomial of degree six. However, Smith used an approximation for 
stationary damping and rotary damping coefficients. These two approximations can be 
directly located just below (5) and (6) in his work that we have repeatedly mentioned. 
Using these approximations, Smith ended up with a determinantal equation of degree 





















































Figure 4.3: Comparison of root locus of Smith’s and our poles at higher angular speeds 
 
The bending of the root locus of (4.10) in Figure 4.3 raises the natural question, whether 
the system ever regains stability? If it does, the observations, for the system to never 
regain stability, made by Smith based on his approximations will not hold true. The 
answer to this question lies in the determination of stability boundary of the system which 




In the stability problem we want to find the values of   where the system changes its 
state of equilibrium from stable to unstable and vice versa. This happens when two 




  is           (4.24) 
 
where   and   are real numbers. If  is purely imaginary thens 0 . Since  is a root 
of equation (4.10), substituting 
s
is   both the real and imaginary parts of equation 























      (4.25) 
 
The two equations in (4.25) in conjunction with the coefficient  k  defined above 
allow us to solve for the two unknowns   and is   that define the stability boundary. 
For the system defined by (4.7), (4.10) has eight real solutions 
 
 is 825839254.1695510048.6    is 825839254.1695510048.6   
 is 235978512.240800.18632    is 235978512.240800.18632   
(4.26) 
 
The root locus along with the values of all poles at the stated   indicates that the system 
is unstable for  018632.408086.69551004   and stable for other positive values 
of . Therefore, 86.69551004  and 018632.4080  are the two critical speeds for 
the proposed system. 
 




 695510048.6  40800.18632  
2,1s  i8258.1 i2360.2
4,3s  i8258.10122.0  i2356.20120.0 
6,5s  i0172.499.299  i4.1117999.299 
 



















       (4.27) 
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in conjunction with the definition of  kˆ .  
The root locus along with the values of all poles at the stated   indicates that the system 
is stable for 694378239.60   and unstable for the other positive values of .  
 
Table 4.2: Stability boundary of Smith’s system 
 
s  694378239.6  
2,1s  i8257.1  
4,3s  i8257.10122.0   
 
4.1.6 Parametric Investigation of Stability 
Now that we have an exact model, we wish to study the effect of change in stiffness and 
damping characteristics of shaft and bearings on the stability boundary of a mass-less 
shaft system. The impact of alteration of the mass of the rotor disk on the stability of the 
system is also studied. 
 
Example 1:  
 
Fixed parameters: , 10M 50 , 100 , 695510048.6  
 
Table 4.3: Parametric investigation of stability at lower critical speed based on damping 
coefficients in a mass-less shaft system 
 
      
2,1s  4,3s  6,5s  
2.0  3.0  i8258.1 i8258.1012222.0  i0172.499.299 
15.0  3.0  i8258.1001111.0  i8258.1011110.0  i4637.433.333 
25.0  3.0  i8259.1001111.0  i8258.1013333.0  i6520.373.272 
2.0  25.0  i8258.1000741.0  i8258.1010926.0  i7197.333.333 
2.0  35.0  i8259.1000743.0  i8258.1013517.0  i2608.473.272 
 
This example demonstrates that when   reached its first critical speed, where the system 
transferred from stable state to unstable state, a decrease in the damping coefficient of the 
symmetrical bearing makes the system unstable while an increase in the damping 
coefficient of the symmetrical bearing makes the system stable. This is the normal 
behavior for non-rotating systems. However, contrary to the common behavior of 
damping, a decrease in the damping coefficient of the symmetrical shaft makes the 
system stable and an increase in the damping coefficient of the symmetrical shaft makes 
the system unstable. 
Example 2:  
 
Fixed parameters: , 10M 50 , 100 , 40800.18632  
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Table 4.4: Parametric investigation of stability at higher critical speed based on damping 
coefficients in a mass-less shaft system 
 
      
2,1s  4,3s  6,5s  
2.0  3.0  i2360.2 i2356.2019986.0  i4.1117999.299 
15.0  3.0  i2359.2002499.0  i2357.2017488.0  i6.1242133.333 
25.0  3.0  i2360.2002499.0  i2356.2022484.0  i1.1016371.272 
2.0  25.0  i2359.2001998.0  i2355.2021979.0  i3.1035132.333 
2.0  35.0  i2360.2001428.0  i2357.2018562.0  i0.1185772.272 
 
This example demonstrates that when   reached its second critical speed, where the 
system transferred from unstable state to stable state, the behavior of damping, for both 
the shaft and the bearing, resembles the normal behavior for non rotating systems, i.e., 
increase in damping stabilizes the system and a decrease in damping makes it unstable.  
Example 3:  
 
Fixed parameters: , 10M 2.0 , 3.0 , 695510048.6  
 
Table 4.5: Parametric investigation of stability at lower critical speed based on stiffness 
coefficients in a mass-less shaft system 
 
     2,1s  4,3s  6,5s  
50  100    i8258.1 i8258.1012222.0  i0172.499.299 
45  100  i7618.1000711.0  i7617.1011690.0  i0173.499.289 
55  100  i8838.1000661.0  i8838.1012762.0  i0173.499.309 
50  95  i8101.1000521.0  i8100.1012672.0  i0173.499.289 
50  105  i8405.1000472.0  i8405.1011827.0  i0173.499.309 
 
This example demonstrates that when   reached its first critical speed, where the system 
transferred from stable state to unstable state, a decrease in the stiffness coefficient of the 
symmetrical bearing makes the system stable while an increase in the stiffness coefficient 
of the symmetrical bearing makes the system unstable. Again, this is contrary to the 
normal behavior for non-rotating systems. However, a decrease in the stiffness 
coefficient of the symmetrical shaft makes the system unstable and an increase in the 
stiffness coefficient of the symmetrical shaft makes the system stable. This observation of 
the behavior of stiffness coefficient of the symmetrical shaft at lower critical speed 
resembles the normal behavior of non-rotating systems. 
Example 4:  
 





Table 4.6: Parametric investigation of stability at higher critical speed based on stiffness 
coefficients in a mass-less shaft system 
 
     2,1s  4,3s  6,5s  
50  100  i2360.2 i2356.2019986.0  i4.1117999.299 
45  100  i1213.2001461.0  i1209.2018527.0  i4.1117999.289 
55  100  i3451.2001537.0  i3447.2021521.0  i4.1117999.309 
50  95  i2360.20000003.0  i2356.2019987.0  i4.1117999.289 
50  105  i2360.20000003.0  i2356.2019986.0  i4.1117999.309 
 
This example demonstrates that when   reached its second critical speed, where the 
system transferred from unstable state to stable state, a decrease in the stiffness 
coefficient of the symmetrical bearing makes the system stable while an increase in the 
stiffness coefficient of the symmetrical bearing makes the system unstable. This is 
contrary to the normal behavior for non-rotating systems. However, a decrease in the 
stiffness coefficient of the symmetrical shaft makes the system unstable and an increase 
in the stiffness coefficient of the symmetrical shaft makes the system stable. This 
observation of the behavior of stiffness coefficient of the symmetrical shaft at higher 
critical speed resembles the normal behavior of non-rotating systems. 
Example 5:  
 
Fixed parameters: 50 , 100 , 2.0 , 3.0 , 695510048.6  
 
Table 4.7: Parametric investigation of stability at lower critical speed based on rotor mass 
in a mass-less shaft system 
 
M  2,1s  4,3s  6,5s  
10  i8258.1 i8258.1012222.0  i0172.499.299 
5.9  i8732.1000163.0  i8732.1012702.0  i0173.499.299 
5.10  i7818.1000144.0  i7818.1011783.0  i0173.499.299 
 
This example demonstrates that when   reached its first critical speed, where the system 
transferred from stable state to unstable state, a decrease in the mass of the rotor makes 
the system stable while an increase in the mass of the rotor makes the system unstable. 
This resembles the normal behavior for non-rotating systems. 
Example 6:  
 




Table 4.8: Parametric investigation of stability at higher critical speed based on rotor 
mass in a mass-less shaft system 
M  2,1s  4,3s  6,5s  
10  i2360.2 i2356.2019986.0  i4.1117999.299 
5.9  i2941.2000266.0  i2937.2020772.0  i4.1117999.299 
5.10  i1820.2000235.0  i1817.2019270.0  i4.1117999.299 
 
This example demonstrates that when   reached its second critical speed, where the 
system transferred from unstable state to stable state, the behavior of the mass of rotor 
resembles to the normal behavior of mass for non-rotating systems, i.e., an increase in 
mass of rotor destabilizes the system and a decrease in mass of rotor makes the system 
stable. 
The parametric study performed in this section will be used to compare the results of a 
similar section of parametric study in the next chapter which deals with a shaft of mass 
system. The conclusions from this study are presented in chapter 6. m
 23
Chapter 5 
Modeling of a Shaft Having Mass and Rotating with Finite 
Displacement at Bearing End 
We extend the model developed in the previous chapter by adding mass  of the shaft in 

















































 Ak  
 Ak  
 A  

















 Ak  
 A  
 A    Ak  
 
Figure 5.1: (a) System of shaft of mass  rotating in bearing with finite displacement at 
the bearing end (b) Planar coordinate system of shaft motion, (c) Free body diagram of 
shaft 
m
AB of mass m  (moments not shown) (d) Free body diagram of rotor B of mass M . 
 
Let a force  act on the shaft in the mf zy   coordinate system. The free body diagram of 































































































     (5.1) 
































































































































   (5.2) 


















































































































































































           (5.3) 
The equation of motion for the shaft-rotor system is obtained by combining equations 
































































































































































































The above equation is similar to (4.8) except for the different mass matrix. It can be 
stated in perspective of (4.9) that the presence of non-zero elements in all four rows of 
the mass matrix results in a characteristic equation of order eight for the system such that 
 










 22220   ,       (5.6) 
      2221 2 ,     (5.7) 
         422 222222 MMm , (5.8) 
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      







22 2223 ,    (5.9) 
     












,  (5.10) 








232 25 , (5.11) 
        MmmMMmM 23 22226   , (5.12) 
 MmMmM   7 , and      (5.13) 
22
8 25.0 Mm .        (5.14) 
which are obtained as shown in Appendix C. 
5.1 Root Locus 
The whole motivation to add mass to the shaft model of previous chapter is to find out 
the region of stability of the new system. A small mass  is introduced as the mass of 












































Figure 5.2: (a) Root locus of shaft having mass and rotating at very slow speed 
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Figure 5.2(a) shows two pairs of conjugate roots in the left half of the complex plane, 
which indicates a stable equilibrium for the shaft rotating at very slow speeds. However, 
two more pairs of conjugate roots appear near the imaginary axis and needs to be 











































Figure 5.2: (b) Enlarged view of roots in Figure 5.2(a) 
 
It can be clearly seen in Figure 5.2(b) that the root locus crosses the imaginary axis of the 
complex plane when the shaft rotates between 100   . In particular, the root locus 
starts at the point where 0  and spreads on both sides. Therefore, it is concluded that 
the system was initially stable but lost its stability at some particular . 
As soon as the region of instability is encountered, the natural question arises: When does 
the system regains stability? The range of   is increased and the new root locus is 
plotted this time in Figure 5.3(a).  
It is observed that the root locus of the roots present in the far left in Figure 5.2(a) crosses 
the imaginary axis as   is increased. The enlarged view of the roots present near the 
imaginary axis is shown in Figure 5.3(b). These roots continue to spread more or less as a 
line with some roots present in the right hand side of the complex plane. Therefore, the 












































Root Locus for 1000 
Enlarged in next figure










































1000 (Enlarged) Root Locus for 
Figure 5.3: (b) Enlarged view of roots in Figure 5.3(a) 
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The search for the stability boundary of the system is extended by increasing the range of 

































Figure 5.4: (b) Enlarged view of roots in Figure 5.4(a) 

1000



















































(Enlarged) Root Locus for 10000 
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The bending of the root locus in Figure 5.4(a) and the progress of completion of the ring 
by roots in Figure 5.4 (b), which is an enlarged view of roots near the imaginary axis in 
Figure 5.4(a), gives the necessary motivation for the existence of stability boundary 
which can be obtained for higher values of . 
The root locus for higher values of  is plotted in Figure 5.5 (a). The bending of the root 
locus in Figure 5.4(a) takes the shape of a curve which never crosses the imaginary axis 













Figure 5.5: (a) Root locus of shaft having mass and rotating at high speed 
0 20000
































































(Enlarged) Root Locus for 200000 
Figure 5.5: (b) Enlarged view of roots in Figure 5.5(a) 
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The ring to be formed by root locus mentioned in Figure 5.4(b) approaches its closure in 
Figure 5.5(b). However, its crossing of the imaginary axis lost its importance because of 
the presence of roots in the right half side of the complex plane in Figure 5.5(a).  




As it is clear from the discussion above that the proposed system in this chapter arrives at 
the stability boundary only once. We substitute (4.24) in (5.5) and follow on the same 
lines of philosophy which leads us to (4.25). Therefore, we end up with 
 



























The set of two equations in (5.15) in conjunction with the coefficient  k  defined 
above allow us to solve for the two unknowns   and is  . Thus, the twelve real 
solutions that exists for (5.5) are 
 
 is 820783650.1733791818.6    is 820783650.1733791818.6   
 is 92363736.5411607897.91    is 92363736.5411607897.91   
 is 224880446.207536.18448    is 224880446.207536.18448   
           (5.16) 
 
The root locus along with the values of all poles at the stated   indicates that the system 
is stable for 733791818.60   and unstable for all other values of . 
 




 733791818.6  
 
11607897.91  07536.18448  
2,1s  i8208.1 i9236.54 i2248.2
4,3s  i8208.10122.0  i9241.540479.10  i2245.20197.0 
6,5s  i6953.546511.4  i8367.10850.0  i6092.2393069.238 
8,7s  i6954.543968.5  i8371.10729.0  i6089.2392667.228 
 
5.3 Parametric Investigation of Stability 
Similar to the analysis carried out in section 4.1.6, the parametric investigation for the 
shaft with mass model is performed. It should be pointed out that the system under 
consideration has only one value of critical speed 733791818.6 , while the system of 
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mass-less shaft had two critical speeds. The stiffness, damping and mass characteristics 
will be studied in this section with the help of examples. 
Example 1:  
 
Fixed parameters: , , 1.0m 10M 50 , 100 , 733791818.6  
 
Table 5.2: Parametric investigation of stability at critical speed based on damping in a 
shaft with mass system 
 































   
This example demonstrates agreement with the comments mentioned below Example 1 
of the previous chapter which hold true for the explanation of behavior of the poles of the 
system considered in Table 1.2.  The counter-intuitive phenomenon of internal damping 
reported in Example 1 of previous chapter is again characterized in this example. 
It is to be noted that the critical speed of shaft with mass system is near to the lower 
critical speed of the mass-less shaft system. Therefore, it becomes obvious to compare 
Example 2 and Example 3 of this chapter to Examples 3 and Example 5 of the previous 
chapter, respectively.  
Further, the nature of poles of the shaft with mass system in Example 2 and Example 3 of 
this chapter bears resemblance to the comments mentioned in Example 3 and Example 5 
of the previous chapter, respectively.  
Example 2:  
 
Fixed parameters: , , 1.0m 10M 2.0 , 3.0 , 733791818.6  
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Table 5.3: Parametric investigation of stability at critical speed based on stiffness 
coefficients in a shaft with mass system 
   
































Example 3:  
 
Fixed parameters: ,1.0m 50 , 100 , 2.0 , 3.0 , 733791818.6  
 
Table 5.4: Parametric investigation of stability at critical speed based on rotor mass in a 


























Example 4:  
 
A new variation that can be studied in this model of shaft with mass m  is the parametric 
investigation of the effect of the mass of the shaft on the stability boundary of the system. 
 
Fixed parameters: ;10M 50 ; 100 ; 2.0 ; 3.0 ; 733791818.6  
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Table 5.5: Parametric investigation of stability at critical speed based on shaft mass in a 


























This example demonstrates that when   reached its critical speed, where the system 
transferred from stable state to unstable state, the behavior of the mass of shaft is contrary 
to the normal behavior of mass for non-rotating systems. In this example, a decrease in 
the mass of the shaft destabilizes the system and an increase in mass of shaft makes the 
system stable.  























The following are the concluding remarks for Chapter 4: 
We proposed an exact model based on (4.7) which lead us to the characteristic equation 
of order six for the system. Smith’s model, based on approximations, ended up with a 
characteristic equation of degree four. His claim that a symmetrical mass-less shaft 
rotating in symmetrical bearings with deflection at bearing supports and a disk mounted 
on the shaft, will never regain stability after loosing it for the first time, is found to be 
incorrect as the poles of the proposed exact model crosses the imaginary axis as per 
(4.26).  
A symmetrical mass-less shaft rotating in symmetrical bearings with finite displacement 
at bearing end will have two critical speeds and there exists a region of instability 
between the two critical speeds. 
A mass-less SSSB system with finite displacement at bearing end will behave in the 
following manner when it reaches the first critical speed or to say that it reaches the 
stability boundary for the first time. 
 The system can be stabilized by 
o Increasing the damping of the symmetrical bearings 
o Decreasing the damping of the symmetrical shaft 
o Decreasing the stiffness of the symmetrical bearings 
o Increasing the stiffness of the symmetrical shaft 
o Decreasing the mass of the rotor disk 
provided all other parameters are kept unchanged. 
A mass-less SSSB system with finite displacement at bearing end will behave in the 
following manner when it reaches the second critical speed or to say that it reaches the 
stability boundary for the second time. 
 The system can be stabilized by  
o Increasing the damping of the symmetrical bearings 
o Increasing the damping of the symmetrical shaft 
o Decreasing the stiffness of the symmetrical bearings 
o Increasing the stiffness of the symmetrical shaft 
o Decreasing the mass of the rotor disk 
provided all other parameters are kept unchanged.  
Following are the conclusions from Chapter 5: 
A system of a symmetrical shaft having mass and rotating in symmetrical bearings with a 
rotor mounted on it, results in a characteristic equation of order eight. The system 
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transfers from stable equilibrium to the unending region of instability when it encounters 
the stability boundary for the first time. The other way of acknowledging the stated 
conclusion is that the system remains unstable after crossing its critical speed value. 
However, the following steps help to stabilize the system when it reaches stability 
boundary: 
o Increasing the damping of the symmetrical bearings 
o Decreasing the damping of the symmetrical shaft 
o Decreasing the stiffness of the symmetrical bearings 
o Increasing the stiffness of the symmetrical shaft 
o Decreasing the mass of the rotor disk 
o Increasing the mass of the shaft 
provided all other parameters are kept unchanged.  
The counter-intuitive phenomenon of internal damping which destabilizes a rotating 
system and has been historically reported by A. L. Kimball and S. H. Crandall in their 
works is also encountered in the proposed model in the form of the damping of shaft. 
The values presented in Table 4.5 and Table 5.3 indicates the existence of a similar 
counter-intuitive phenomenon for bearing stiffness. An increase in the bearing stiffness is 
reported to cause destabilization of the system whenever the system encounters stability 
boundary, i.e. at both critical speeds for mass-less shaft SSSB system and at the single 
value of critical speed for the SSSB system of shaft having mass. 
6.1 Future Work 
The proposed model can be improved by taking moments into consideration for the free 
body diagrams shown in Figure 4.1 and Figure 5.1. The reason that the author has not 
included the moments in the free body diagrams is because he anticipated that the 
problem might become mathematically too involved. 
An exact analysis of the case of Unsymmetrical Shaft and Unsymmetrical Bearings 
(USUB) can also be performed and the results can be compared to that of Smith’s model. 
However, the time dependent coefficients which appear in the equations of motion for the 
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Codes for Chapter 4 (mass-less shaft) 
A.1 Maple Code for Characteristic Polynomial (4.10) 
> restart; 
> with(LinearAlgebra): 
> MM:=<<0 | 0 | 0 | 0> , <0 | 0 | 0 | 0> , <0 | 0 | M | 0> , 
<0 | 0 | 0 | M>>: 
> C:=<<c1+c2 | 0 | -c2 | 0> , <0 | c1+c2 | 0 | -c2> , <-c2 | 
0 | c2 | 0> , <0 | -c2 | 0 | c2>>: 
> K:=<<k1+k2 | 0 | -k2 | 0> , <0 | k1+k2 | 0 | -k2> , <-k2 | 
0 | k2 | 0> , <0 | -k2 | 0 | k2>>: 
> G:=<<0 | c2 | 0 | -c2> , <-c2 | 0 | c2 | 0> , <0 | -c2 | 0 











> MM:=<<M | 0> , <0 | M>>: 
> C:=<<c1_eq+c2_eq | 0> , <0 | c1_eq+c2_eq>>: 
> K:=<<k_eq | 0> , <0 | k_eq>>: 










    k=k+1; 
    a6=M^2*(c1+c2)^2; 
    a5=2*c1^2*M*c2+2*c1*k1*M^2+2*c2*k2*M^2+2*c1*k2*M^2+2*c1*c2^2*M+... 
        2*c2*k1*M^2; 
    a4=2*c2^2*k1*M+4*c1*k1*M*c2+c1^2*c2^2+k1^2*M^2+4*c1*c2*M*k2+... 
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        2*c1^2*M*k2+k2^2*M^2+2*k1*k2*M^2+w^2*c2^2*M^2; 
    a3=4*c1*k1*M*k2+2*c1*k1*c2^2+2*k1^2*M*c2+2*c1*w^2*c2^2*M+... 
        2*c1^2*c2*k2+4*c2*k1*M*k2+2*c1*M*k2^2; 
    a2=2*k1*w^2*c2^2*M+2*k1^2*M*k2+2*k1*M*k2^2+k1^2*c2^2+... 
        4*c1*k1*c2*k2+c1^2*k2^2+c1^2*w^2*c2^2; 
    a1=2*c1*k1*w^2*c2^2+2*c1*k1*k2^2+2*k1^2*c2*k2; 
    a0=k1^2*w^2*c2^2+k1^2*k2^2; 
    p=[a6 a5 a4 a3 a2 a1 a0]; 
    s=roots(p); 












    k=k+1; 
    a4=4*M^2*k1*k2^3+M^2*k1^4+4*M^2*k1^3*k2+6*M^2*k1^2*k2^2+M^2*k2^4; 
    a3=2*M*k1^2*c1*k2^2+2*M*k2^4*c1+4*M*k1^3*k2*c2+2*M*k2^2*c2*k1^2+... 
        2*M*k1^4*c2+4*M*k1*k2^3*c1; 
    a2=6*M*k1^3*k2^2+2*M*k1^4*k2+c2^2*k1^4+6*M*k1^2*k2^3+... 
        2*c1*k2^2*c2*k1^2+2*M*k2^4*k1+c1^2*k2^4; 
    a1=2*c2*k1^4*k2+2*c1*k2^3*k1^2+2*c1*k2^4*k1+2*c2*k1^3*k2^2; 
    a0=k1^2*k2^4+w^2*c2^2*k1^4+k1^4*k2^2+2*k1^3*k2^3; 
    p=[a4 a3 a2 a1 a0]; 
    s=roots(p); 





A.4 Maple Code for Evaluating Stability Boundary in (4.26) 
> restart; 
> with(LinearAlgebra): 
> MM:=<<0 | 0 | 0 | 0> , <0 | 0 | 0 | 0> , <0 | 0 | M | 0> , 
<0 | 0 | 0 | M>>: 
> C:=<<c1+c2 | 0 | -c2 | 0> , <0 | c1+c2 | 0 | -c2> , <-c2 | 
0 | c2 | 0> , <0 | -c2 | 0 | c2>>: 
> K:=<<k1+k2 | 0 | -k2 | 0> , <0 | k1+k2 | 0 | -k2> , <-k2 | 
0 | k2 | 0> , <0 | -k2 | 0 | k2>>: 
> G:=<<0 | c2 | 0 | -c2> , <-c2 | 0 | c2 | 0> , <0 | -c2 | 0 














*c1^2*c2*k2+4*c2*k1*M*k2+2*c1*M*k2^2:     
> 
a2:=2*k1*w^2*c2^2*M+2*k1^2*M*k2+2*k1*M*k2^2+k1^2*c2^2+4*c1*














> MM:=<<M | 0> , <0 | M>>: 
> C:=<<c1_eq+c2_eq | 0> , <0 | c1_eq+c2_eq>>: 
> K:=<<k_eq | 0> , <0 | k_eq>>: 


































    2*c1^2*M*k2+k2^2*M^2+2*k1*k2*M^2+w^2*c2^2*M^2; 
a3=4*c1*k1*M*k2+2*c1*k1*c2^2+2*k1^2*M*c2+2*c1*w^2*c2^2*M+... 
    2*c1^2*c2*k2+4*c2*k1*M*k2+2*c1*M*k2^2; 
a2=2*k1*w^2*c2^2*M+2*k1^2*M*k2+2*k1*M*k2^2+k1^2*c2^2+4*c1*k1*c2*k2+... 
    c1^2*k2^2+c1^2*w^2*c2^2; 
a1=2*c1*k1*w^2*c2^2+2*c1*k1*k2^2+2*k1^2*c2*k2; 
a0=k1^2*w^2*c2^2+k1^2*k2^2; 
p=[a6 a5 a4 a3 a2 a1 a0]; 
s=roots(p) 
 





    2*M*k1^4*c2+4*M*k1*k2^3*c1; 
a2=6*M*k1^3*k2^2+2*M*k1^4*k2+c2^2*k1^4+6*M*k1^2*k2^3+... 
    2*c1*k2^2*c2*k1^2+2*M*k2^4*k1+c1^2*k2^4; 
a1=2*c2*k1^4*k2+2*c1*k2^3*k1^2+2*c1*k2^4*k1+2*c2*k1^3*k2^2; 
a0=k1^2*k2^4+w^2*c2^2*k1^4+k1^4*k2^2+2*k1^3*k2^3; 
p=[a4 a3 a2 a1 a0]; 
s=roots(p) 
 

















    2*c1^2*M*k2+k2^2*M^2+2*k1*k2*M^2+w^2*c2^2*M^2; 
a3=4*c1*k1*M*k2+2*c1*k1*c2^2+2*k1^2*M*c2+2*c1*w^2*c2^2*M+... 
    2*c1^2*c2*k2+4*c2*k1*M*k2+2*c1*M*k2^2; 
a2=2*k1*w^2*c2^2*M+2*k1^2*M*k2+2*k1*M*k2^2+k1^2*c2^2+4*c1*k1*c2*k2+... 
    c1^2*k2^2+c1^2*w^2*c2^2; 
a1=2*c1*k1*w^2*c2^2+2*c1*k1*k2^2+2*k1^2*c2*k2; 
a0=k1^2*w^2*c2^2+k1^2*k2^2; 
p=[a6 a5 a4 a3 a2 a1 a0]; 
s=roots(p) 
 
















    2*c1^2*M*k2+k2^2*M^2+2*k1*k2*M^2+w^2*c2^2*M^2; 
a3=4*c1*k1*M*k2+2*c1*k1*c2^2+2*k1^2*M*c2+2*c1*w^2*c2^2*M+... 
    2*c1^2*c2*k2+4*c2*k1*M*k2+2*c1*M*k2^2; 
a2=2*k1*w^2*c2^2*M+2*k1^2*M*k2+2*k1*M*k2^2+k1^2*c2^2+4*c1*k1*c2*k2+... 
    c1^2*k2^2+c1^2*w^2*c2^2; 
a1=2*c1*k1*w^2*c2^2+2*c1*k1*k2^2+2*k1^2*c2*k2; 
a0=k1^2*w^2*c2^2+k1^2*k2^2; 
p=[a6 a5 a4 a3 a2 a1 a0]; 
s=roots(p) 
 














    2*c1^2*M*k2+k2^2*M^2+2*k1*k2*M^2+w^2*c2^2*M^2; 
a3=4*c1*k1*M*k2+2*c1*k1*c2^2+2*k1^2*M*c2+2*c1*w^2*c2^2*M+... 
    2*c1^2*c2*k2+4*c2*k1*M*k2+2*c1*M*k2^2; 
a2=2*k1*w^2*c2^2*M+2*k1^2*M*k2+2*k1*M*k2^2+k1^2*c2^2+4*c1*k1*c2*k2+... 
    c1^2*k2^2+c1^2*w^2*c2^2; 
a1=2*c1*k1*w^2*c2^2+2*c1*k1*k2^2+2*k1^2*c2*k2; 
a0=k1^2*w^2*c2^2+k1^2*k2^2; 



















Codes for Chapter 5 (shaft with mass) 
B.1 Maple Code for Characteristic Polynomial (5.5) 
> restart; 
> with(LinearAlgebra): 
> MM:=<<0.5*m | 0 | 0.5*m | 0> , <0 | 0.5*m | 0 | 0.5*m> , 
<0 | 0 | M | 0> , <0 | 0 | 0 | M>>: 
> C:=<<c1+c2 | 0 | -c2 | 0> , <0 | c1+c2 | 0 | -c2> , <-c2 | 
0 | c2 | 0> , <0 | -c2 | 0 | c2>>: 
> K:=<<k1+k2 | 0 | -k2 | 0> , <0 | k1+k2 | 0 | -k2> , <-k2 | 
0 | k2 | 0> , <0 | -k2 | 0 | k2>>: 
> G:=<<0 | c2 | 0 | -c2> , <-c2 | 0 | c2 | 0> , <0 | -c2 | 0 










    k=k+1; 
    a8=0.25*m^2*M^2; 
    a7=m*c2*M^2+m*c1*M^2+m^2*M*c2; 
    a6=2*m*c2^2*M+m^2*c2^2+c1^2*M^2+m*k2*M^2+m^2*M*k2+m*k1*M^2+... 
        2*c1*c2*M^2+3*m*c1*M*c2+c2^2*M^2; 
    a5=2*m*c1*c2^2+2*c2*k2*M^2+2*m^2*c2*k2+2*c2*k1*M^2+... 
        2*c1*k2*M^2+3*m*k1*M*c2+2*c1^2*M*c2+4*m*c2*M*k2+... 
        2*c1*c2^2*M+3*m*c1*M*k2+2*c1*k1*M^2; 
    a4=3*m*k1*M*k2+2*c1^2*M*k2+2*m*w^2*c2^2*M+2*m*k1*c2^2+... 
        m^2*w^2*c2^2+w^2*c2^2*M^2+4*c1*k1*M*c2+2*m*M*k2^2+... 
        k2^2*M^2+4*c1*c2*M*k2+m^2*k2^2+k1^2*M^2+2*k1*k2*M^2+... 
        c1^2*c2^2+4*m*c1*c2*k2+2*c2^2*k1*M; 
    a3=4*m*k1*c2*k2+2*c1*M*k2^2+2*c1*k1*c2^2+2*m*c1*w^2*c2^2+... 
        4*c1*k1*M*k2+4*c2*k1*M*k2+2*m*c1*k2^2+2*c1*w^2*c2^2*M+... 
        2*k1^2*M*c2+2*c1^2*c2*k2; 
    a2=2*m*k1*w^2*c2^2+4*k1*k2*c1*c2+2*k1*w^2*c2^2*M+k1^2*c2^2+... 
        c1^2*w^2*c2^2+c1^2*k2^2+2*k1^2*M*k2+2*m*k1*k2^2+2*k1*M*k2^2; 
    a1=2*c1*k1*w^2*c2^2+2*k1^2*c2*k2+2*c1*k1*k2^2; 
    a0=k1^2*k2^2+k1^2*w^2*c2^2; 
    p=[a8 a7 a6 a5 a4 a3 a2 a1 a0]; 
    s=roots(p); 








B.3 Maple Code leading to (5.16) 
> restart; 
> with(LinearAlgebra): 
> MM:=<<0.5*m | 0 | 0.5*m | 0> , <0 | 0.5*m | 0 | 0.5*m> , 
<0 | 0 | M | 0> , <0 | 0 | 0 | M>>: 
> C:=<<c1+c2 | 0 | -c2 | 0> , <0 | c1+c2 | 0 | -c2> , <-c2 | 
0 | c2 | 0> , <0 | -c2 | 0 | c2>>: 
> K:=<<k1+k2 | 0 | -k2 | 0> , <0 | k1+k2 | 0 | -k2> , <-k2 | 
0 | k2 | 0> , <0 | -k2 | 0 | k2>>: 
> G:=<<0 | c2 | 0 | -c2> , <-c2 | 0 | c2 | 0> , <0 | -c2 | 0 











































    2*c1*c2*M^2+3*m*c1*M*c2+c2^2*M^2; 
a5=2*m*c1*c2^2+2*c2*k2*M^2+2*m^2*c2*k2+2*c2*k1*M^2+... 
    2*c1*k2*M^2+3*m*k1*M*c2+2*c1^2*M*c2+4*m*c2*M*k2+... 
    2*c1*c2^2*M+3*m*c1*M*k2+2*c1*k1*M^2; 
a4=3*m*k1*M*k2+2*c1^2*M*k2+2*m*w^2*c2^2*M+2*m*k1*c2^2+... 
    m^2*w^2*c2^2+w^2*c2^2*M^2+4*c1*k1*M*c2+2*m*M*k2^2+... 
    k2^2*M^2+4*c1*c2*M*k2+m^2*k2^2+k1^2*M^2+2*k1*k2*M^2+... 
    c1^2*c2^2+4*m*c1*c2*k2+2*c2^2*k1*M; 
a3=4*m*k1*c2*k2+2*c1*M*k2^2+2*c1*k1*c2^2+2*m*c1*w^2*c2^2+... 
    4*c1*k1*M*k2+4*c2*k1*M*k2+2*m*c1*k2^2+2*c1*w^2*c2^2*M+... 
    2*k1^2*M*c2+2*c1^2*c2*k2; 
a2=2*m*k1*w^2*c2^2+4*k1*k2*c1*c2+2*k1*w^2*c2^2*M+k1^2*c2^2+... 
    c1^2*w^2*c2^2+c1^2*k2^2+2*k1^2*M*k2+2*m*k1*k2^2+2*k1*M*k2^2; 
a1=2*c1*k1*w^2*c2^2+2*k1^2*c2*k2+2*c1*k1*k2^2; 
a0=k1^2*k2^2+k1^2*w^2*c2^2; 
p=[a8 a7 a6 a5 a4 a3 a2 a1 a0]; 
s=roots(p) 
 













    2*c1*c2*M^2+3*m*c1*M*c2+c2^2*M^2; 
a5=2*m*c1*c2^2+2*c2*k2*M^2+2*m^2*c2*k2+2*c2*k1*M^2+... 
    2*c1*k2*M^2+3*m*k1*M*c2+2*c1^2*M*c2+4*m*c2*M*k2+... 
    2*c1*c2^2*M+3*m*c1*M*k2+2*c1*k1*M^2; 
a4=3*m*k1*M*k2+2*c1^2*M*k2+2*m*w^2*c2^2*M+2*m*k1*c2^2+... 
    m^2*w^2*c2^2+w^2*c2^2*M^2+4*c1*k1*M*c2+2*m*M*k2^2+... 
    k2^2*M^2+4*c1*c2*M*k2+m^2*k2^2+k1^2*M^2+2*k1*k2*M^2+... 
    c1^2*c2^2+4*m*c1*c2*k2+2*c2^2*k1*M; 
a3=4*m*k1*c2*k2+2*c1*M*k2^2+2*c1*k1*c2^2+2*m*c1*w^2*c2^2+... 
    4*c1*k1*M*k2+4*c2*k1*M*k2+2*m*c1*k2^2+2*c1*w^2*c2^2*M+... 
    2*k1^2*M*c2+2*c1^2*c2*k2; 
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a2=2*m*k1*w^2*c2^2+4*k1*k2*c1*c2+2*k1*w^2*c2^2*M+k1^2*c2^2+... 
    c1^2*w^2*c2^2+c1^2*k2^2+2*k1^2*M*k2+2*m*k1*k2^2+2*k1*M*k2^2; 
a1=2*c1*k1*w^2*c2^2+2*k1^2*c2*k2+2*c1*k1*k2^2; 
a0=k1^2*k2^2+k1^2*w^2*c2^2; 
p=[a8 a7 a6 a5 a4 a3 a2 a1 a0]; 
s=roots(p) 
 













    2*c1*c2*M^2+3*m*c1*M*c2+c2^2*M^2; 
a5=2*m*c1*c2^2+2*c2*k2*M^2+2*m^2*c2*k2+2*c2*k1*M^2+... 
    2*c1*k2*M^2+3*m*k1*M*c2+2*c1^2*M*c2+4*m*c2*M*k2+... 
    2*c1*c2^2*M+3*m*c1*M*k2+2*c1*k1*M^2; 
a4=3*m*k1*M*k2+2*c1^2*M*k2+2*m*w^2*c2^2*M+2*m*k1*c2^2+... 
    m^2*w^2*c2^2+w^2*c2^2*M^2+4*c1*k1*M*c2+2*m*M*k2^2+... 
    k2^2*M^2+4*c1*c2*M*k2+m^2*k2^2+k1^2*M^2+2*k1*k2*M^2+... 
    c1^2*c2^2+4*m*c1*c2*k2+2*c2^2*k1*M; 
a3=4*m*k1*c2*k2+2*c1*M*k2^2+2*c1*k1*c2^2+2*m*c1*w^2*c2^2+... 
    4*c1*k1*M*k2+4*c2*k1*M*k2+2*m*c1*k2^2+2*c1*w^2*c2^2*M+... 
    2*k1^2*M*c2+2*c1^2*c2*k2; 
a2=2*m*k1*w^2*c2^2+4*k1*k2*c1*c2+2*k1*w^2*c2^2*M+k1^2*c2^2+... 
    c1^2*w^2*c2^2+c1^2*k2^2+2*k1^2*M*k2+2*m*k1*k2^2+2*k1*M*k2^2; 
a1=2*c1*k1*w^2*c2^2+2*k1^2*c2*k2+2*c1*k1*k2^2; 
a0=k1^2*k2^2+k1^2*w^2*c2^2; 
p=[a8 a7 a6 a5 a4 a3 a2 a1 a0]; 
s=roots(p) 
 










    2*c1*c2*M^2+3*m*c1*M*c2+c2^2*M^2; 
a5=2*m*c1*c2^2+2*c2*k2*M^2+2*m^2*c2*k2+2*c2*k1*M^2+... 
    2*c1*k2*M^2+3*m*k1*M*c2+2*c1^2*M*c2+4*m*c2*M*k2+... 
    2*c1*c2^2*M+3*m*c1*M*k2+2*c1*k1*M^2; 
a4=3*m*k1*M*k2+2*c1^2*M*k2+2*m*w^2*c2^2*M+2*m*k1*c2^2+... 
    m^2*w^2*c2^2+w^2*c2^2*M^2+4*c1*k1*M*c2+2*m*M*k2^2+... 
    k2^2*M^2+4*c1*c2*M*k2+m^2*k2^2+k1^2*M^2+2*k1*k2*M^2+... 
    c1^2*c2^2+4*m*c1*c2*k2+2*c2^2*k1*M; 
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a3=4*m*k1*c2*k2+2*c1*M*k2^2+2*c1*k1*c2^2+2*m*c1*w^2*c2^2+... 
    4*c1*k1*M*k2+4*c2*k1*M*k2+2*m*c1*k2^2+2*c1*w^2*c2^2*M+... 
    2*k1^2*M*c2+2*c1^2*c2*k2; 
a2=2*m*k1*w^2*c2^2+4*k1*k2*c1*c2+2*k1*w^2*c2^2*M+k1^2*c2^2+... 
    c1^2*w^2*c2^2+c1^2*k2^2+2*k1^2*M*k2+2*m*k1*k2^2+2*k1*M*k2^2; 
a1=2*c1*k1*w^2*c2^2+2*k1^2*c2*k2+2*c1*k1*k2^2; 
a0=k1^2*k2^2+k1^2*w^2*c2^2; 
p=[a8 a7 a6 a5 a4 a3 a2 a1 a0]; 
s=roots(p) 
 










    2*c1*c2*M^2+3*m*c1*M*c2+c2^2*M^2; 
a5=2*m*c1*c2^2+2*c2*k2*M^2+2*m^2*c2*k2+2*c2*k1*M^2+... 
    2*c1*k2*M^2+3*m*k1*M*c2+2*c1^2*M*c2+4*m*c2*M*k2+... 
    2*c1*c2^2*M+3*m*c1*M*k2+2*c1*k1*M^2; 
a4=3*m*k1*M*k2+2*c1^2*M*k2+2*m*w^2*c2^2*M+2*m*k1*c2^2+... 
    m^2*w^2*c2^2+w^2*c2^2*M^2+4*c1*k1*M*c2+2*m*M*k2^2+... 
    k2^2*M^2+4*c1*c2*M*k2+m^2*k2^2+k1^2*M^2+2*k1*k2*M^2+... 
    c1^2*c2^2+4*m*c1*c2*k2+2*c2^2*k1*M; 
a3=4*m*k1*c2*k2+2*c1*M*k2^2+2*c1*k1*c2^2+2*m*c1*w^2*c2^2+... 
    4*c1*k1*M*k2+4*c2*k1*M*k2+2*m*c1*k2^2+2*c1*w^2*c2^2*M+... 
    2*k1^2*M*c2+2*c1^2*c2*k2; 
a2=2*m*k1*w^2*c2^2+4*k1*k2*c1*c2+2*k1*w^2*c2^2*M+k1^2*c2^2+... 
    c1^2*w^2*c2^2+c1^2*k2^2+2*k1^2*M*k2+2*m*k1*k2^2+2*k1*M*k2^2; 
a1=2*c1*k1*w^2*c2^2+2*k1^2*c2*k2+2*c1*k1*k2^2; 
a0=k1^2*k2^2+k1^2*w^2*c2^2; 



















Simplification of Coefficients of Characteristic Polynomials 
C.1 Simplification of coefficients of characteristic polynomial (4.10), which results 
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 226   M          (4.17) 
C.2 Simplification of coefficients of characteristic polynomial (4.18), which results 
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C.3 Simplification of coefficients of characteristic polynomial (5.5), which results 
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